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Abstract

Possible worlds models of belief have difficulties accounting for un-
awareness, the inability an agent may have to entertain (and hence
believe) certain propositions. Accommodating the possibility of un-
awareness is important for adequately modelling epistemic states, and
representing the informational content to which agents have access
given their explicit beliefs. In this paper, I use neighbourhood struc-
tures to develop an original multi-agent model of explicit belief, aware-
ness, and informational content, along with an associated sound and
complete axiom system. I also defend the model against the seminal
impossibility result of Dekel et al. (1998), according to which three in-
tuitive conditions preclude non-trivial unawareness on any ‘standard’
model of knowledge or belief. I argue that at least one of these condi-
tions is implausible when applied to a model of belief. The plausibility
of the two others rests on further questions regarding the scope and
granularity of mental content; however, I also show that it’s possible
to strengthen these conditions while retaining non-trivial unawareness.

Keywords: Unawareness · Possible worlds · Implicit/explicit belief ·
Informational content · Neighbourhood structures

1 Introduction
Suppose that α is an agent, who may or may not be ideally rational. In her
capacity as an agent, α has what we’ll refer to broadly as classes of epistemic
attitudes towards a range of propositions. There will be some propositions
that α knows, some she believes, and some that she is not sure about (to

∗Email: e.j.r.elliott@leeds.ac.uk. Comments welcome.

mailto:e.j.r.elliott@leeds.ac.uk


varying degrees). Question: for any proposition ϕ you care to pick out,
must α have some epistemic attitude or other towards ϕ?

Most will want to say that she need not. To know, believe, or be uncer-
tain about a proposition requires the capacity to entertain that proposition,
to represent it one way or another in thought—and there may be some
propositions that α has never entertained, will never entertain, and perhaps
cannot entertain.

For example, suppose that α belongs to an isolated tribe deep in the
Amazon, which has had no contact with any other cultural group for hun-
dreds of years. We wouldn’t want to say that α knows, believes, or is
uncertain about the proposition that we would express were we to utter
the sentence ‘The habitat of the eastern grey kangaroo extends as far as
the Cape York Peninsula’. And it would be unnatural to say that α is ag-
nostic or has suspended judgement on the matter of eastern grey kangaroo
habitats. Suspension of judgement is usually conceived of as a mental act
that one performs upon entertaining some proposition, when one thinks that
there are insufficient reasons to believe one way or the other—but α is not
even aware that there’s something here for her to suspend judgement about.
Indeed, given that she lacks any substantial causal connection to Australia
and its fauna, a large contingent of philosophers will likely want to say that
α lacks the basic representational resources necessary to possess the relevant
thoughts.

Let us admit, then, that there may be some propositions of which α is
unaware. I use this phrase stipulatively: to be aware of a proposition ϕ is to
have the basic representational resources required to entertain ϕ-thoughts or
otherwise have what were above called epistemic attitudes towards ϕ.1 One
need not be presently and consciously attending to a proposition in order to
be aware of it, and the entertaining itself might require significant mental
effort on α’s behalf—indeed, it may even require some degree of cognitive
idealisation. So, for example, α may be aware of some massive conjunction
of disjunctions of conditionals between ϕ,ψ,¬ϕ, and ¬ψ just by virtue of
being able to entertain ϕ and ψ, even though the act of entertaining such a
complicated thought would push her working memory beyond its limits.2

1 It is worth emphasising the distinction in English between being aware/unaware that
something is the case, and being aware/unaware of some thing. The former is synonymous
with believing a true proposition: α is aware that ϕ iff ϕ is true and α believes it; α is
unaware that ϕ iff ϕ is true and α doesn’t believe it. On the other hand, one is aware of
a proposition in the same way that one is aware of an idea, an argument, or an oncoming
train: by being able to entertain thoughts involving the object of one’s awareness. It is
the latter kind of ‘awareness’ that we want here.

2 In saying this, I am using ‘awareness’ with a more determinate meaning than it’s often
used in the literature. For example, Fagin and Halpern (1988) (intentionally) use the term
with a very loose interpretation. For much of their discussion, it used in connection with
the notion of entertainability that I’ve characterised here. In other cases, it marks a
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It has long been recognised that the standard relational models of belief
and knowledge à la Hintikka (1962) do not do a particularly good job of
accommodating unawareness.3 Roughly, the issue is this. We begin with
a rich space of possible worlds, Ω, subsets of which are taken to represent
the contents of our attitudes. Every agent α can then be associated with
a binary relation Rα on Ω which for each world ω (effectively) picks out a
proposition Rα(ω) containing all and only those worlds which α considers
possible at ω. We then say that α believes that ϕ at ω iff ϕ is true at every
world in Rα(ω). Problem: if Rα(ω) is even the least bit specific, then a vast
number of things will be true at every world in Rα(ω), and we can’t expect
α to believe all of them—and not just because she may not be a very good
deductive reasoner. Make α as logically gifted as you like: if she can’t think
certain thoughts then it’s misleading to say that she believes them.

Consider the following very simple example. There are only two atomic
propositions, ϕ and ψ, and exactly four possible worlds in Ω corresponding
to the different combinations of ϕ and ψ:

ω1 = ϕ ∧ ψ, ω2 = ϕ ∧ ¬ψ, ω3 = ¬ϕ ∧ ψ, ω4 = ¬ϕ ∧ ¬ψ

Suppose that Rα(ω1) = {ω1, ω2}. This is just the set of worlds where ϕ
is true, so we can say that α believes ϕ. Now presumably, if α believes
ϕ then she can entertain ϕ; and if she can can entertain ϕ then she can
distinguish between ϕ and ¬ϕ. So it looks fair to say that α is able to
entertain ¬ϕ at ω1. Likewise, since she can entertain ϕ and ¬ϕ, she can
entertain ϕ ∧ ¬ϕ and ϕ ∨ ¬ϕ. The latter is true at every world in Rα(ω1),
and it’s reasonable enough to expect that α believes ϕ ∨ ¬ϕ. At the very
least, she can certainly reason her way to that conclusion given her other
beliefs without much difficulty.

However, suppose that α is wholly unaware of the ψ/¬ψ distinction.
Perhaps specifying the distinction requires some concept that α lacks. Would
we be happy to say that α believes ϕ∨ψ and ϕ∨¬ψ at ω1? Both are true at
every world in Rα(ω1). But for α to believe ϕ ∨ ψ or ϕ ∨ ¬ψ would require
her to make distinctions in thought which, ex hypothesi, she is unable to
even entertain.

distinction between the beliefs a subject is consciously attending to and her ‘background’
beliefs; in still other cases to distinguish between that which can and cannot be derived
from a base of stored beliefs within a given time frame. Given (a) the kinds of conditions
that awareness operators are often taken to satisfy (e.g., SYM, CON, PLA and the AGPP
principle; see §§2-3), and (b) that awareness is often characterised in the first instance as
a lack of ability to conceive (e.g., in Heifetz et al., 2008; Schipper, 2014; Walker, 2014), I
suspect that many authors intend to use ‘awareness’ as I do. However, detailed exposition
is rare, making confident interpretation difficult. In any case, the model I develop in §2
can be adapted to the other phenomena sometimes discussed in the literature under the
name of ‘awareness’.

3 See esp. (Fagin and Halpern, 1988) for an early discussion of the issues. For a general
introduction to work on modelling unawareness, see (Schipper, 2015).
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Before we move on, two points of note are in order. First, you may get
the intuition that it would be equally wrong to say that α is able to entertain
ψ ∨¬ψ, even though ψ ∨¬ψ picks out just the same set of worlds as ϕ∨¬ϕ
does. To that extent, you will probably think that possible worlds accounts
of mental content suffer from problems relating to hyperintensionality more
generally. And you may well might be right. (I will have more to say on this
in §4.) But the problem I want to highlight here is separable from matters
of granularity. For note that, even if you accept what I will call a coarse-
grained account of content, such that ψ ∨ ¬ψ and ϕ ∨ ¬ϕ are one and the
same object of thought just described in two different ways, you will still
need to deal with the possibility of unawareness. It’s not plausible to say
that α believes ϕ ∨ ψ under any description.

Second, you may think that the relational model has no real problems
with unawareness at all—once it’s interpreted in the right way. After all, it
is frequently said that the model is best understood as a way of representing
a subject’s implicit beliefs, where this is understood to capture something
like the informational content of the explicit beliefs the subject actually has
stored somewhere in her head. On this interpretation, there need be no
problem with claiming that α implicitly believes ϕ ∨ ψ and ϕ ∨ ¬ψ, under
the assumption that she explicitly believes ϕ: the former are just parts of
the informational content implicit in the latter.

Now, I want to be clear that I have no objections to interpreting the
relational model in this way, or to this way of characterising ‘implicit beliefs’.
If that’s the kind of thing you want to represent, then so be it. But I do want
to introduce a distinction when thinking about the informational content of
our epistemic attitudes, which underscores the need for incorporating some
notion of awareness into our formal models.

Say that in a broad sense, the informational content of a set of (explicit)
attitudes consists in anything and everything that’s entailed by the contents
of those attitudes, whether separately or in conjunction. It is in this sense
that it’s unproblematic to say that α’s belief that ϕ contains the information
that ϕ ∨ ψ and ϕ ∨ ¬ψ. After all, the information is there, just waiting
for someone with the appropriate representational resources to pull it out.
But α is not one of those with the required resources. For her, some of
that broad informational content is inaccessible. It is not available for α
to use in reasoning, inference and decision making. Indeed, in a perfectly
good sense the information is invisible: α may not even know that there’s
a distinction she’s not considered, and no amount of reasoning with the
distinctions she does have will lead her to recognise what she’s been missing.
And information which is wholly invisible to α is, from her perspective, no
information at all. So, it looks like there is room for a second, narrower
(and arguably more useful) way of understanding informational content,
one that’s specifically dependent upon awareness.

Note that under this narrow understanding of informational content,
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there is room for Stalnaker’s (1991) useful distinction between content which
is more or less readily accessible for cognitive application. It’s plausible to
think that the way we store information about the world makes a difference
to how easily we might access it on a given occasion, and consequently that
on any given occasion we probably only attend to a fragment of the total
information we’ve got represented across the full range of our epistemic
attitudes. Recognising the limits of attention goes some of the way towards
solving the problem of logical omniscience (cf. Egan, 2008; Elga and Rayo,
2015). But such a solution isn’t complete without also recognising the role
that awareness has as a precondition for informational access simpliciter.

What I want, therefore, is a model which distinguishes between α’s ex-
plicit epistemic attitudes, and the narrow informational content contained
within. In this paper, I will focus primarily on the attitude of belief, and
to a lesser extent, knowledge.4 In §2, I characterise a class of what we will
call Coarse-Grained Awareness (or CGA) models, along with an associated
(sound and complete) axiom system for reasoning about them within a sim-
ple modal language.

As the name suggests, CGA models retain the possible worlds approach
to mental content, and are consequently subject to the hugely influential im-
possibility theorem of (Dekel et al., 1998). In §3, I outline a lightly modified
version of Dekel et al.’s theorem, and in §4 I critically discuss the intuitions
that motivate it. As we will see, the force of the result depends much on
how we interpret the model, and (moreover) on difficult questions regarding
the nature and scope of mental content. Nevertheless, in §5, I show how a
CGA model of belief can be used to capture strengthened versions of most
of Dekel et al.’s conditions (and all of the plausible ones).

2 Coase-Grained Awareness Structures
To construct our model, we will first need to define a formal language. Given
a countable set of agents Ag = {1, . . . , n} indexed by α and a countable set
of atomic propositions Φ (with typical element p), we characterise LXAI(Φ)
by the following grammar:

ϕ := p | ¬ϕ | ϕ ∧ ψ | Aαϕ | Xαϕ | Iαϕ,

where p ∈ Φ and α ∈ Ag. We abbreviate with ‘∨’, ‘→’, and ‘↔’ in the usual
ways, and we will let ‘>’ stand for ‘p ∨ ¬p’.

‘Aαϕ’ should be read as saying that ‘α is aware of ϕ’. I will leave the
interpretation of the X operators ambiguous for now, between an explicit

4 I see belief as a more fundamental notion than knowledge, and vastly more important
for the explanation of reasoning and behaviour. In a companion paper (Elliott, 2017), I
attend to modelling the interaction of (imprecise) degrees of belief and awareness, which
requires the introduction of an alternative and slightly more mathematically involved
formal framework.
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knowledge and an explicit belief reading. Likewise, the I operators can be
used to stand for either implicit knowledge or implicit belief, depending on
how we choose to read the Xs. (I will have more to say on these two interpre-
tations as we go along.) The intended notion of implicit knowledge\belief
that we want here is tied to the narrow rather than broad informational
content of the subject’s explicit attitudes.

As noted, the usual way of generating a semantics for epistemic modals
involves assigning a relation Rα to each agent α which picks out those worlds
α considers possible at each given world ω. However, for flexibility in charac-
terising agents’ awareness and moreover for distinguishing between explicit
and implicit beliefs, I will use the strictly more general neighbourhood struc-
tures of (Scott, 1970) and (Montague, 1970).

A neighbourhood model M consists in a set of worlds Ω; a set of neigh-
bourhood functions Nα (one for each α ∈ Ag) which map each world ω in
Ω to a (possibly empty) set of (possibly empty) subsets of Ω; and a propo-
sitional valuation function π : Φ 7→ 2Ω. The satisfaction conditions for
ϕ ∈ LX(Φ) can then be given as follows:

M,ω |= p iff ω ∈ π(p), for p ∈ Φ
M,ω |= ¬ϕ iff it’s not the case that M,ω |= ϕ
M,ω |= ϕ ∧ ψ iff M,ω |= ϕ and M,ω |= ψ
M,ω |= Xαϕ iff {ω′ : M,ω′ |= ϕ} ∈ Nα(ω)

If we let ‖ϕ‖M (the ‘truth set of ϕ in M ’) refer to the set of worlds ω such
that M,ω |= ϕ, the final clause can be stated a little more perspicuously as:

M,ω |= Xαϕ iff ‖ϕ‖M ∈ Nα(ω)

Thus, we can use neighbourhood functions to characterise directly those
propositions which we want to say α knows\believes at a given world ω.
Note that there is no inbuilt assumption, for any ϕ and any ω, that ‖ϕ‖M
must belong to Nα(ω); i.e., that Xαϕ must be true at any world. Likewise,
we don’t assume that if ‖ϕ‖M ∈ Nα and ψ is true at every world in ‖ϕ‖M ,
then ‖ψ‖M ∈ Nα. Explicit beliefs and knowledge need not be closed under
implication in a neighbourhood model. Indeed, the logic associated with
neighbourhood models is very weak, consisting of just:

PROP
MP

REX

All classical propositional tautologies
From ϕ and ϕ→ ψ, infer ψ
From ϕ↔ ψ, infer Xαϕ↔ Xαψ

Following Chellas (1980), we will refer to any axiom system which consists
of PROP, MP, and REX as classical.

The flexibility afforded by neighbourhood structures will also be useful
in characterising awareness, which we will represent by an additional set of
functions Aα, which we will call awareness functions. Like neighbourhood
functions, every awareness function is a mapping from worlds to sets of
sets of worlds. However, in keeping with the intended interpretation of the
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model, we will want to place a few additional constraints upon each agent’s
awareness function and its relation to their neighbourhood functions.

First of all, and most obviously, an agent’s state of awareness cannot
float free of her explicit attitudes. By definition, if an agent isn’t aware of a
proposition, then she cannot explicitly believe or know it. For reasons that
will become apparent below, we’ll refer to this as PLAa:

PLAa ¬Aαϕ→ ¬Xαϕ

We capture this in the semantics by the condition (pla), that Nα(ω) ⊆
Aα(ω), for all ω.

Furthermore, on any plausible account of mental representation we will
need to capture the systematicity of thought, so we can safely assume that
the capacity to think ϕ-thoughts goes hand in hand with the capacity to
think ¬ϕ-thoughts. Likewise, and for similar reasons, anyone who can think
ϕ-thoughts and ψ-thoughts can, in principle at least, also think (ϕ ∧ ψ)-
thoughts. Hence,

SYM
CON

Aαϕ↔ Aα¬ϕ
(Aαϕ ∧Aαψ)→ Aα(ϕ ∧ ψ)

We ensure that these axioms hold by assuming, respectively, that Aα is
closed under complements (sym) and binary intersections (con).

Note that we will not assume that an awareness of ϕ∧ψ implies awareness
of ϕ and ψ. In any classical logic, this would quickly lead to triviality: given
PLAa, SYM and CON, if α is aware of any ϕ, then she’s aware of ϕ ∧ ¬ϕ,
and hence ψ ∧ ¬ψ for arbitrary ψ; thus, awareness of any ϕ would imply
awareness of every ψ, which is clearly unacceptable. In this respect, CGA
models are unlike many other models of unawareness in the literature, where
it’s often supposed that an agent is aware of ϕ and ψ if and only if she’s
aware of ϕ∧ψ (see, e.g., Halpern, 2001; Heifetz et al., 2006; Li, 2009; Cozic,
2016).

More generally, it is common for models of unawareness to satisfy the
property of Awareness Generated by Primitive Propositions (AGPP): α is
aware of every primitive proposition in Ψ ⊆ Φ if and only if she is aware
of every ϕ ∈ LXAI(Ψ). AGPP is obviously not going to play nicely with
a coarse-grained account of content—at least if we think it’s possible for
α to be aware of non-contingent propositions while still unaware of some
contingent propositions. But the principle seems implausible even under a
fine-grained account of content. For α to be aware of Aβp, for instance,
she must be aware not only of the primitive proposition p, but also of the
agent β and the attitude of awareness. (Proviso: I am assuming that Aβp
is contingent—see §4 for discussion.) And while there may be some uses
for a model wherein every agent is aware of every other agent and every
kind of attitude under examination, AGPP is clearly too strong as a general
principle of awareness. SYM and CON (in conjunction with PLAa) are only
strong enough to get us the result that if α is aware of every ϕ in a set
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X ⊆ LXAI(Φ), then α will also be aware of everything in the closure of X
under ¬, ∧, ∨, →, and ↔. And this seems much more reasonable: if α has
the representational resources to entertain every primitive proposition in Ψ,
then she ipso facto has the resources to entertain basic logical compounds
of those propositions.

Finally, and primarily for simplicity, I will make one further assumption
about the relationship between Aα and Xα, expressed by the following:

NAX Aα> → Xα>
In the context of the other conditions, if α is aware of anything at all,
then she is aware of tautologies. In context, then, NAX states that α has
awareness only if she explicitly knows\believes >. Where REX has already
been accepted, this is quite weak. Indeed, it is hard to imagine an agent
worthy of the title who does not accept even the simplest of tautologies,
and the most popular theories of coarse-grained mental content imply that
agents don’t even have a choice about whether to believe >. We capture
this in the model by (nax), that if Ω belongs to Aα, then it belongs to Nα.5

In §5, I will discuss the addition of further constraints on awareness, but
for now let us move on to the representation of narrow informational content.
It is here that the awareness function does most of its theoretical work. If α
believes each of a collection of propositions ϕ1, . . . , ϕn which jointly imply ψ,
then we will say that α implicitly knows\believes ψ whenever she’s aware of
ψ. We model this by first characterising (for each world ω) the largest set of
worlds P ⊆ Ω consistent with all of α’s beliefs at ω as the intersection of all
the sets of worlds in Nα(ω). We then say that α implicitly knows\believes
any proposition Q such that P ⊆ Q just in case she is aware of Q.6 Thus,

5 If the reader is unwilling to accept NAX , we can do without it by (a) removing
condition (nax) from Definition 2.1, and (b) replacing the axiom NAX in Σ with the weaker
axiom Aα> → Iα>. The soundness and completeness proofs are left almost completely
unchanged. Building (nax) in the definition of a CGA model simplifies the relationship
between explicit and implicit attitudes by ruling out the possibility of awareness without
any explicit beliefs/knowledge, without going so far as to commit us to the more commonly
supposed (and stronger) axiom NX (discussed in §3).

6 Considered primarily as a way of representing implicit and explicit belief (i.e., ignoring
awareness), CGA models resemble the local reasoning structures of Fagin and Halpern
(1988, pp. 58ff). Indeed, CGA models just are generalised local reasoning structures with
the addition of awareness functions to act as filters over the supersets of

⋂
P∈Nα(ω) P .

Fagin and Halpern define M,ω |= Xαϕ in a manner much stronger than is standard for
neighbourhood structures, leading an overall stronger logic of belief. CGA models are also
similar to the more recent model of implicit and explicit belief developed by Velázquez-
Quesada (2013). Velázquez-Quesada’s construction works by taking a neighbourhood
function Nα defined for a finite space Ω (interpreted as specifying α’s explicit beliefs),
and systematically converting it into a different function N ?

α which contains Ω and is
closed under supersets and binary intersections. N ?

α is then taken to specify α’s implicit
beliefs. In outline, this is similar to the construction of ‖Iαϕ‖M as a superset of {ω :⋂
P∈Nα(ω) P ⊆ ‖ϕ‖

M}; however, one difference concerns the axiom XI, which is not valid
on Velázquez-Quesada’s class of models.
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the awareness function Aα acts as a filter over the full range of propositions
which α implicitly knows\believes in the broad sense.

With that out of the way, the class of CGA models can be defined:

Definition 2.1. A model M = (Ω, {Nα}α∈Ag, {Aα}α∈Ag, π) belongs to the
class of CGA models M iff:

(1) Ω is a non-empty set

(2) Nα and Aα are functions from Ω to 22Ω
, satisfying (for all ω ∈ Ω):

(pla)
(sym)
(con)
(nax)

If P ∈ Nα(ω), then P ∈ Aα(ω)
If P ∈ Aα(ω), then Ω \ P ∈ Aα(ω)
If P1 ∈ Aα(ω) and P2 ∈ Aα(ω), then P1 ∩ P2 ∈ Aα(ω)
If Ω ∈ Aα(ω), then Ω ∈ Nα(ω)

(3) π is a propositional valuation function

Definition 2.2 then characterises what it is for an element of LXAI(Φ) to be
true at a given world ω in a CGA model M (i.e., M,ω |= ϕ):

Definition 2.2. For all ϕ ∈ LXAI(Φ),

M,ω |= p iff ω ∈ π(p), for p ∈ Φ
M,ω |= ¬ϕ iff it’s not the case that M,ω |= ϕ
M,ω |= ϕ ∧ ψ iff M,ω |= ϕ and M,ω |= ψ
M,ω |= Xαϕ iff ‖ϕ‖M ∈ Nα(ω)
M,ω |= Aαϕ iff ‖ϕ‖M ∈ Aα(ω)
M,ω |= Iαϕ iff ‖ϕ‖M ∈ Aα(ω) and

⋂
P∈Nα(ω) P ⊆ ‖ϕ‖M

Furthermore, we say that ϕ is valid in M iff M,ω |= ϕ for every ω ∈ M ;
and valid in M (i.e., M |= ϕ) iff ϕ is valid in every M ∈M.

The classical logic associated with the class of CGA models can then be
axiomatised by the following system, which we’ll label Σ:

PROP
SYM
CON

XI
IA

KAI

NAX

MP
REX

All classical propositional tautologies
Aαϕ↔ Aα¬ϕ
(Aαϕ ∧Aαψ)→ Aα(ϕ ∧ ψ)
Xαϕ→ Iαϕ
Iαϕ→ Aαϕ
(Iαϕ ∧ Iα(ϕ→ ψ))→ (Aαψ → Iαψ)
Aα> → Xα>
From ϕ and ϕ→ ψ, infer ψ
From ϕ↔ ψ, infer Xαϕ↔ Xαψ

PLAa is an implication of XI and IA under MP; and given REX , these two
axioms also let us establish that awareness and implicit knowledge\belief
are closed under logical equivalence, as we would expect.

Say that ϕ is a theorem of Σ (i.e., `Σ ϕ) just in case ϕ is either an axiom
of Σ or can be derived from the axioms by finite applications of the inference
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rules. We can then show that ϕ is a theorem of Σ if and only if it is valid
in the class of CGA models:

Theorem 2.1. Σ is sound and complete with respect to M and LXAI(Φ);
i.e., for all ϕ ∈ LXAI(Φ),

M |= ϕ iff `Σ ϕ

Proof. See Appendix A.

One final point before we move on. Σ is best understood as a logic for
belief rather than knowledge, as it imposes no veridicality requirements on
X (and I). Where a minimal understanding of knowledge takes it to be a
species of veridical (or ‘non-delusional’, ‘factive’) belief, we would want our
logic to include the additional axioms:

TX

TI

Xαϕ→ ϕ
Iαϕ→ ϕ

This is straightforwardly captured in the semantics by adding a reflexivity
condition to the definition of a CGA model:

(t) If P ∈ Nα(ω), then ω ∈ P
Since, under (t), Xαϕ is true only at worlds where ϕ is true, and Iαϕ is only
true at worlds ω where Aαϕ and

⋂
P∈Nα(ω) P ⊆ ‖ϕ‖, the addition of (t) will

also get us that Iαϕ is true at ω only if ϕ is too (since ω ∈
⋂
P∈Nα(ω) P ).

3 On the Impossibility of Unawareness
In this section, I outline a lightly modified version of Dekel et al.’s well-
known impossibility result. It centres on three basic assumptions about the
relationship between unawareness and the epistemic attitudes:

PLA
AUR
XUI

¬Aαϕ→ (¬Xαϕ ∧ ¬Xα¬Xαϕ)
Aα¬Aαϕ→ Aαϕ
¬Xα¬Aαϕ

Dekel et al. themselves describe PLA (for ‘Plausibility’) as the most plausi-
ble of their three axioms (hence the name), and many in the literature have
followed them in treating it as fundamental to an adequate understanding
of awareness. See, for instance, (Modica and Rustichini, 1994), (Modica and
Rustichini, 1999), (Heifetz et al., 2006), (Chen et al., 2012), and (Walker,
2014); though cf. (Halpern, 2001), where PLA is derived as a general con-
dition on unawareness only under certain assumptions.

Given a classical logic, PLA is just the conjunction of PLAa with:

PLAb ¬Aαϕ→ ¬Xα¬Xαϕ

PLAb says that if α is unaware of ϕ, then she cannot believe that she doesn’t
believe ϕ. AUR (‘AU Reflection’) says that if α is aware of the proposition
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that she is unaware of ϕ, then she must be aware of ϕ itself. Finally, XUI
(‘XU Introspection’) says it’s impossible for α to believe that she is unaware
of some specific proposition ϕ. To be clear: α might be aware that there
exists some propositions she’s not aware of, and which some other agent may
be aware of. All of the conditions we discuss in this paper are consistent with
saying this much. But α cannot be aware of a specific state of unawareness
that she has, towards a particular proposition ϕ.7

In §4, we will examine Dekel et al.’s conditions in more detail; for now,
let us focus on the impossibility result:

Theorem 3.1. Suppose that Σ∗ is a classical logic which includes PLA,
AUR, and XUI. Then:

1. If Σ∗ also includes NX , then for every ϕ, `
Σ∗ Aαϕ

2. If Σ∗ also includes MON, then for all ϕ and ψ, `
Σ∗ ¬Aαϕ→ ¬Xαψ

Where:

NX

MON
Xα>
From ϕ→ ψ, infer Xαϕ→ Xαψ

Proof. From AUR and PLAb, ¬Aαϕ implies ¬Aα¬Aαϕ, which in turn im-
plies ¬Xα¬Xα¬Aαϕ. With XUI and REX , this gets us ¬Aαϕ → ¬Xα>.
So, ¬Aαϕ is inconsistent with NX . Furthermore, MON implies that for any
ψ, Xαψ → Xα>; or equivalently, ¬Xα> → ¬Xαψ. So, ¬Aαϕ→ ¬Xαψ.

Thus, for any classical logic Σ∗, the very presence of a non-trivial Aα opera-
tor is incompatible with PLA, AUR, XUI, and at least one of NX or MON.
Moreover, neither NX nor MON (nor PLAa, for that matter) are essential
to generating a problem, as the following corollary indicates:

Corollary 1. Suppose that Σ∗ is a classical logic which includes PLAb,
AUR, and XUI. Then, for all ϕ, `

Σ∗ ¬Aαϕ→ ¬Xα>.

And this is already a very troubling result—unawareness shouldn’t preclude
belief in simple propositional tautologies!

Indeed, we can generalise a little further, by noting that XUI can be
broken down into two separate conditions:

XUIa

XUIb
¬Aαϕ→ ¬Xα¬Aαϕ
Aαϕ→ ¬Xα¬Aαϕ

7 To express the existentially quantified thoughts, we would need more than the non-
quantificational language I’m using here. For relevant work in this regard, see (Halpern
and Rêgo, 2009), (Sillari, 2008), (Walker, 2014). Given the straightforward nature of CGA
models, I would not anticipate any particular difficulties in extending them to allow for
quantification over propositional variables; I have not done this since the issues relevant
to the present paper arise already with non-quantificational languages.
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XUIa is a consequence of AUR and PLAa, and so it’s at least as reasonable
as those two axioms. What XUI actually brings to Theorem 3.1 is therefore
better understood through XUIb. Hence,

Corollary 2. Suppose that Σ∗ is a classical logic which includes PLAa,
PLAb, AUR, and XUIb. Then, for all ϕ, `

Σ∗ ¬Aαϕ→ ¬Xα>.

What’s worse, if we add SYM, CON, and NAX back into the mix, then
we get that if α is unaware of anything, then she’s unaware of everything:

Corollary 3. Suppose that Σ∗ is a classical logic which includes PLAa,
PLAb, AUR, XUIb, SYM, CON, and NAX . Then, for all ϕ and ψ, `

Σ∗

¬Aαϕ→ ¬Aαψ.

Proof. From Corollary 2, ¬Aαϕ → ¬Xα>, and from the contrapositive of
NAX , ¬Xα> → ¬Aα>. We’ve already seen that in any classical logic with
PLAa, SYM, and CON, awareness of anything implies awareness of>; hence,
¬Aα> → ¬Aαψ. So, for all ϕ and ψ, ¬Aαϕ→ ¬Aαψ.

4 The Plausibility of ‘Plausibility’
For the sake of argument, suppose for now that we’re happy to stick with
a classical logic, and the kind of coarse-grained account of mental content
that naturally comes with it. Then, since PLAa looks quite secure, the
only question left is which of PLAb, AUR, or XUIb we ought to give up.
In this section, I will argue that the decision should rest partly on how we
interpret X, and partly on whether there exist any necessarily unthinkable
propositions.

Suppose first of all that X is to be interpreted as belief. Under this
interpretation, XUIb says that if α is aware of ϕ, then she does not explicitly
believe that she’s unaware of ϕ. This does not seem especially plausible. To
be sure, it would be odd indeed for anyone to have false beliefs about their
own state of awareness. After all, if you’re aware of ϕ, then you presumably
have access to all the evidence you need to know that you’re aware that
ϕ. XUIb, however, says that an agent cannot falsely believe she’s in some
state of unawareness. Non-ideal agents can have all sorts of absurd and
unjustified beliefs that fly in the face of their evidence, and beliefs about
awareness ought to be no different.

For example, imagine that α, in a frenzied attempt to naturalise her
ontology of mind, ends up committed to an error theory about folk psychol-
ogy: all talk of being ‘aware of,’ ‘entertaining,’ or even ‘believing’ abstract
entities like propositions is bunk, a manner of thinking associated with an
outdated and false folk psychology. Let ϕ be the proposition that α does
not believe that folk psychology is true. Now, α has thought a lot about folk
psychology and about her stance on it, so it’s reasonable to think that she’s
aware of ϕ. But she certainly doesn’t believe that she’s aware of ϕ; in fact,
she’s convinced that ¬Aαϕ!
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(It should be noted that there may of course be modelling purposes for
which assuming XUIb is useful—for example, if we are just interested in
modelling agents who have full introspective access to their own intentional
states. In that case, we may want to restrict the set of worlds Ω such that
XUIb turns out valid. I take the arguments of this section to have force
for those primarily interested in the interplay of beliefs, knowledge, and
awareness in general. Consequently, I am presupposing that Ω represents
a space of possibilities suitably rich for representing mental content; i.e.,
something like the space of all worlds consistent with what we can know a
priori. I will have more to say on these matters shortly.)

So here is our first lesson: it does not look like we should want to keep
XUIb around if we aim to model belief. Indeed, XUIb looks implausible even
if we adopt a fine-grained account of mental content. In §5 I will prove by
an example that supplementing Σ with strengthened versions of PLAb and
AUR is consistent with non-trivial awareness. We thus have one way out
of Dekel et al.’s triviality result, if our goal is to develop a logic of possibly
non-veridical belief with unawareness.

Suppose instead that we want X to represent knowledge. In this case,
XUIb is just a substitution instance of the general schema TX , and the above
way out is closed.8 In this case, I will argue, we ought to give up on PLAb.
In making my argument, and to provide an adequate contrast, it will be
helpful to consider AUR in some detail first.

AUR says that if α is capable of thinking, of herself, that she is unaware
of some proposition ϕ, then she is ipso facto capable of thinking about ϕ
directly. This has great initial plausibility, especially if we view awareness
as a relation that holds between a thinking subject and those propositions
she can entertain: anyone who can think that a is/is not R-related to b can
think in terms of a, b, and R; thus, if α can think of herself as not being
awareness-related to ϕ, then she can think of ϕ directly. But we have to be
careful here. If α is not awareness-related to ϕ at any possible world in Ω,
then to be aware of ¬Aαϕ is just to be aware of >, and we can expect every
agent who’s aware of anything to be aware of >. So, if mental content
is coarse-grained and it’s impossible for α to be aware of ϕ, then AUR
effectively commits us to saying that α must be (impossibly) aware of ϕ
whenever she’s aware of anything.

But this is not yet a reason for the fan of coarse-grained content to
want to drop AUR. If α’s awareness of ϕ is contingent, then AUR looks
essentially right: where a is/is not R-related to b is contingent, we’d only

8 I note that, although Dekel et al. express their result only in terms of ‘knowledge’,
they don’t presuppose that TX is valid in general, and (more importantly) the result
has been widely taken to apply to all epistemic models which use Aumann structures or
something closely analogous, including those intended to represent non-veridical states.
See, e.g., (Sillari, 2008, p. 516), (Schipper, 2013), (Cozic, 2016, esp. p. 3) and the wide
variety of models outlined in (Schipper, 2015).
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expect someone to be able to think the relevant thoughts if they’re able to
think about a, R and b individually.9 Unlike >, there are only so many
ways to think that α is or is not awareness-related to ϕ, and it’s reasonable
to think that they all come hand-in-hand with the capacity to entertain
ϕ directly. So the plausibility of AUR comes down to whether there are
any ϕ ∈ LXAI(Φ) which are necessarily unentertainable. (There are likely
many propositions which have no correlate in LXAI(Φ); that these may be
necessarily unentertainable is no problem for AUR.) There is more to say
here than I can hope to cover in depth without expanding the paper beyond
what’s reasonable, so I will only provide some brief reasons to stick with
AUR in the light of two of the most common kinds of arguments which get
offered for the existence of unthinkable propositions.10

First, there are arguments from cognitive limitations. For instance, that
due to limited resources of memory and processing, there may be some ϕ
which are simply too complex or specific for us to entertain. But such
limitations are epistemically contingent, and there will always be a possible
version of one’s self with just a bit more capacity for entertaining complex
thoughts. The same goes for purported hard-wired cognitive limitations on
the kinds of phenomenological experience we might undergo (cf. Nagel, 1986,
pp. 90ff). Given the kind of being I am, I cannot know what it is like to
be a bat. But it hardly seems necessary to being me that I have this brain,
wired up in this way. There is a possible world where I can know what it’s
like to be a bat, even if it’s quite far away.

A second kind of argument seeks to show that there aren’t enough think-
able propositions to go around. Perhaps the best known of these comes from
Lewis (1986, pp. 104-7). If we are the right kind of functionalists about con-
tentful mental states, then there can be no more thinkable thoughts than
there are possible functional roles—of which there are (Lewis asserts) proba-
bly no more than countably many. On the other hand, there are probably at
least i3 sets of possible worlds, so most propositions (qua sets-of-worlds) are
necessarily unthinkable. But set aside what you think about the premises
needed to get this argument going, and note that the conclusion if true
wouldn’t immediately generate trouble for AUR. There are at most count-
ably many ϕ in LXAI(Φ), and mere concerns about cardinality don’t provide
a reason to think that any of these are necessarily unthinkable. Assuming

9 If α’s being aware of ϕ is necessary, then AUR is trivial. However, supposing that
α’s existence is contingent, it’s not likely that Aαϕ is necessary for any ϕ. The same goes
for the other attitudes: it cannot be necessary that Xαϕ or Iαϕ, for any ϕ, if it’s not even
necessary that α exists. We can safely ignore the cases where α exists necessarily.

10 For a recent and thorough treatment of several arguments relating to the present
discussion, see (Hofweber, 2016). Note, though, that Hofweber’s discussion is centred on
the issue of whether there are any aspects of reality which cannot be expressed in language
or thought by beings like us, given the way we are—not whether there are any propositions
of which it’s epistemically impossible that they are thinkable by an arbitrary agent α.
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that α can entertain every p in Φ, then it’s plausible that she can (in some
possible world) entertain any ϕ in LXAI(Φ). After all, the latter primar-
ily consists in simple Boolean combinations of primitive propositions and
claims to the effect that some agent has some attitude towards something
else. There is absolutely no reason to think that we cannot find a functional
role for every ϕ in LXAI(Φ).

So it is not obviously mistaken to stick with AUR. But note the dif-
ference between AUR and PLAb in the context of TX . Explicit knowledge
presupposes awareness, so if α knows that ¬Aαϕ, then she is aware of ¬Aαϕ.
And, at least for any ϕ such that ¬Aαϕ is contingent, if α is aware of ¬Aαϕ
then she is aware of ϕ. On the other hand, if α knows that ¬Aαϕ, then
she cannot be aware of ϕ. The addition of a veridicality condition like TX

(or anything else which would imply XUIb) generates non-contingent knowl-
edge states: one cannot know that one is not aware of ϕ, for at least some
ϕ. With this established, PLAb should look less plausible than it did on first
appearances. If Xα¬Aαϕ is impossible for all α and all ϕ, then every agent
worthy of the title knows ¬Xα¬Aαϕ under some description or other. The
same cannot be said of PLAb in the absence of a veridicality assumption.
If what I’ve said above is correct, and there are necessarily unentertainable
ϕ ∈ LXAI(Φ), then it’s reasonable to think that there are likewise no con-
straints on what sorts of contents an agent can believe. If you can think it,
then you can believe it—though you may not be able to know it.

So here is our second lesson: given a coarse-grained account of mental
content, PLAb turns out to be quite implausible in the context of TX—
specifically, in the cases where ϕ takes the form ¬Aαψ. AUR may or may not
also turn out to be implausible in the end. If so, then so much the worse for
the purported impossibility of having a non-trivial awareness operator within
a classical logic of knowledge. Indeed, if AUR does have counterexamples,
then every one will generate an additional problem for PLAb. For suppose
that ¬Aαϕ ↔ > is valid, so ¬Xαϕ ↔ > is valid. Substituting equivalents
into PLAb, then, we’d get that > → ¬Xα>, which is manifestly false.

Obviously, a lot here hangs on the acceptance of a coarse-grained ac-
count of content. I don’t expect to have convinced anyone who thinks that
the contents of thought cut finer than (classical) logical equivalence, and
to such a reader it may seem like I am seeing counterexamples to PLAb

where I really ought to be seeing counterexamples to REX . But that is
itself an important third lesson of the present discussion: to the extent that
incorporating awareness into classical logics of belief and knowledge seems
to present a problem at all, it doesn’t add any specific issues over and above
the much more general concerns about hyperintensionality.

For one who’s already accepted coarse-grained contents, it’s not a prob-
lem to be told that there’s something counter-intuitive to saying that α can
be aware of ¬Xα¬Aαϕ even while unaware of ϕ, in the special circumstance
where ¬Xα¬Aαϕ is impossible. Proponents of coarse-grained content al-
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ready have a suite of tools to help explain away these kinds of intuitions.
Given a 2-Dimensionalist approach to mental content and an appropriately
characterised space of epistemically possible worlds, many problem cases for
possible worlds semantics—e.g., the need to distinguish between metaphys-
ically equivalent but epistemically non-equivalent water-beliefs and H2O-
beliefs—can be dealt with very naturally without deviating from the basic
idea that contents are sets of possible worlds (cf. Chalmers, 2002; Jack-
son, 1998, 2009). Conversational pragmatics can help deal with linguistic
intuitions about the substitutability of that-clauses within the context of
propositional attitude verbs (Stalnaker, 1978), and the ‘fragmentation’ of
belief states (Stalnaker, 1984; Lewis, 1982, 1986; Fagin and Halpern, 1988)
helps deal with concerns relating to information access and logical closure
properties. (This is a slightly less pressing issue for CGA models given that
explicit beliefs are not closed under implication, and implicit beliefs are only
closed under implication relative to awareness.)

As I see it, the biggest concern for REX arises when the rule is taken in
conjunction with a plausible theory of action; viz., that agents will typically
act so as to maximise their desire satisfaction given the way they believe the
world to be (cf. Stalnaker, 1991). If theories of coarse-grained content have
empirically false behavioural implications then they must be rejected, and
on the face of it the typical subject doesn’t seem to act as we might expect
given beliefs in every necessary truth and a typical set of desires. Thus
the coarse-grained theorist has to tell us a story about why, for example, a
mathematician might spend her days trying to work out whether or not the
Riemann hypothesis is true. (She already knows the answer to that question;
she just don’t know whether the sentence ‘The Riemann zeta function has
its zeros only at the negative even integers and complex numbers with real
part 1

2 ’ expresses a necessary truth—but then it’s not so obvious what set of
fragmented beliefs and desires we can plausibly attribute to rationalise the
time spent discovering yet another complicated way to say >.)

For AUR and PLAb to generate similar kinds of empirical issues for the
coarse-grained theory, we would need to see that there are ordinary agents α
with presumably ordinary desires who, with respect to some ϕ such that it’s
impossible for α to be aware of ϕ (or such that α cannot know that she is
unaware of ϕ), tend to behave as if they don’t believe that they’re unaware
of ϕ (or as if they don’t believe that they don’t know they’re unaware of ϕ).

But in what way does the typical agent generally fail to act so as to
suggest that she doesn’t have the relevant beliefs? Examples are not easy
to find, since (under REX) α will also believe that > → ¬Aαϕ (or > →
¬Xα¬Aαϕ), which will tend to mute any behavioural consequences that we
might otherwise have expected to be generated by the stated beliefs. For
instance, perhaps α doesn’t like being unaware of anything; hence, for α,
¬Aαϕ represents an undesirable state of affairs. But if she knows that > →
¬Aαϕ, then she won’t try to do to improve her overall state of awareness

16



in this respect. More generally, according to view of rational action that’s
supposed to generate the problem, actions are a response to the things agents
believe they can change so as improve their situation. Taken in combination
with a coarse-grained account of content, we shouldn’t expect a belief in a
necessary proposition to have interesting behavioural consequences: agents
who believe a necessary proposition also believe that it’s necessary, that it
will be a fact of the world regardless of what they choose. So it’s certainly
not obvious that there would be any behavioural consequences of saying that
α believes ¬Aαϕ which aren’t in fact borne out by α’s behaviour.

It may turn out that there is really is no way to assign plausible coarse-
grained beliefs and desires so as to rationalise the actions of ordinary agents.
If so, we’ll need to either adopt a more fine-grained approach to content, or
revise our theory of action. I take this as an open empirical question. The
success of standard models of decision-making—which generally make use
of coarse-grained content and adhere more or less to the basic expected
utility maximisation paradigm—provides a limited reason to think that the
behavioural data is consistent with REX . But at least we know that there
are no further issues for coarse-grained accounts of content arising from
unawareness.

5 Higher-Order Multi-Agent Awareness
It’s one thing to deny the premises of an argument, and quite another to deny
its conclusion. For all I’ve said, there may be other reasonable conditions on
awareness which can be used to generate triviality. In this section, I want to
expand upon the lessons of §4 and see how far CGA models can go towards
recapturing the intuitions behind PLAb and AUR within a model of belief.

I assume that there are no non-contingent (implicit or explicit) belief or
awareness states. Importantly, this means that I’ll be assuming that there
are no counterexamples to PLAb and AUR along the lines of those discussed
above. Indeed, under this assumption I think we can go beyond those two
conditions by adding the following three axioms to Σ:

AXR
AAR
AIR

AαXβϕ→ Aαϕ
AαAβϕ→ Aαϕ
AαIβϕ→ Aαϕ

Given SYM, AAR immediately implies AUR; and given SYM and PLAa,
AXR gets us to PLAb. Generally, the three axioms in combination say that
for all agents α and β, if α is aware of β’s having some attitude regarding ϕ,
then α is herself aware of ϕ. For reasons I’ve already explained (§2), I think
it would be a mistake to assume the converse of any of these three axioms.

Let Σ+ refer to the system Σ∪{AAR,AXR,AIR}, and let M+ refer to
that class of CGA models which satisfies the additional constraints:
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(axr)
(aar)
(air)

If {ω′ : P ∈ Nβ(ω′)} ∈ Aα(ω), then P ∈ Aα(ω)
If {ω′ : P ∈ Aβ(ω′)} ∈ Aα(ω), then P ∈ Aα(ω)
If {ω′ : P ∈ Aβ(ω′) and

⋂
P ′∈Nβ(ω′) P ′ ⊆ P} ∈ Aα(ω), then

P ∈ Aα(ω)

The following is then easy to prove:

Theorem 5.1. Σ+ is sound and complete with respect to M+ and LXAI(Φ)

Proof. See Appendix B

Moreover, there are models belonging to M+ which allow for non-trivial
awareness. To demonstrate this, we’ll model a simple speculative trade case
(as discussed in, e.g., Schipper, 2015):

There are two agents, α and β. α is the owner of a firm, and β
is a potential buyer. The status quo value of the firm is $100 per
share. α is aware of a potential lawsuit that reduces the value
of the firm by $20 per share, though she is uncertain whether it
will occur. The buyer is unaware of the lawsuit and the owner
recognises this. The buyer is aware of a potential innovation
which would increase the value of the firm by $20 per share,
though she is uncertain whether the innovation will occur. The
owner is unaware of the innovation and the buyer recognises this.

For the model M e = (Ω,Nα,Nβ,Aα,Aβ, π), let Ω = {ω1, ω2, ω3, ω4, ω5},
and Φ = {l, i}. We will designate subsets P of Ω using the worlds by which
they’re constituted; hence, let Pn...m = {ωn, . . . , ωm}. We will suppose that
π(l) = P135 and π(i) = P125. Finally,

Aα(ω1) = {Ω, ∅, P5, P13, P24, P135, P245, P1234}
Aα(ω2) = ∅
Aα(ω3) = 2Ω

Aα(ω4) = {Ω, ∅, P34, P125}
Aα(ω5) = ∅

Nα(ω1) = {Ω, P13}
Nα(ω2) = ∅
Nα(ω3) = 2Ω

Nα(ω4) = {Ω}
Nα(ω5) = ∅

And

Aβ(ω1) = {Ω, ∅, P5, P12, P34, P125, P345, P1234}
Aβ(ω2) = 2Ω

Aβ(ω3) = ∅
Aβ(ω4) = {Ω, ∅, P24, P135}
Aβ(ω5) = ∅

Nβ(ω1) = {Ω, P12}
Nβ(ω2) = 2Ω

Nβ(ω3) = ∅
Nβ(ω4) = {Ω}
Nβ(ω5) = ∅

The world of interest is ω1, where we have a situation like the one de-
scribed in the example. α is aware of l but unaware of i; while β is aware of
i but unaware of l. α believes that β isn’t aware of l, while β believes that
α isn’t aware of i. Furthermore, α does not believe l, or that ¬l, and β be-
lieves neither i nor ¬i. And most importantly, both α and β have non-trivial
unawareness at ω1 (and ω4).
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It’s easy to check that M e satisfies (pla), (sym), (con), and (nax). It is
less easy (and a little tedious) to check that M e satisfies (axr), (aar), and
(air), but those three conditions also hold. To see that M e satisfies (aar),
note first of all that:

{ω′ : P ∈ Aα(ω′)} =


P134, if P ∈ {Ω, ∅}
P13, if P ∈ Aα(ω1) \ {Ω, ∅}
P34, if P ∈ {P34, P125}
P3, otherwise

Now, Aα and Aβ never take P134 and P3 as values, so we don’t have to worry
about them. The only time P13 appears as a value of an awareness function
is with Aα(ω1), in which case everything in Aα(ω1) is already included in
Aα(ω1). Likewise, P34 only shows up as a value in Aα(ω4), where the same
applies. A parallel argument goes for {ω′ : P ∈ Aβ(ω′)} (which is always in
{P124, P12, P24, P2}), which establishes (aar). Similar reasoning establishes
that (axr) and (air) are satisfied.

From the example, Theorem 5.2 follows:

Theorem 5.2. For all ϕ and ψ, M+ 6|= ¬Aαϕ → ¬Xα> and M+ 6|=
¬Aαψ → ¬Aαϕ

6 Conclusion
It would be difficult to overstate the influence that Dekel et al.’s result has
had for recent work on representing unawareness. To the best of my knowl-
edge, there is only one other model of unawareness in the literature (viz.,
Walker, 2014) in which contents are understood under a coarse-grained ac-
count.11 This sets much the work on unawareness somewhat at odds with re-
search elsewhere in formal epistemology, where the coarse-grained approach
to content is still very much standard. Moreover, it leaves the advocate
of coarse-grained contents without an appropriate way to understand the
impact that unawareness has on belief and informational content.

I hope to have made the case that it’s possible to have a perfectly reason-
able model of non-trivial unawareness capable of capturing standard cases
of interest (like the speculative trade example), if one is willing to accept
coarse-grained content. At the very least, Theorem 3.1 and its corollaries
give us no reason to think that a classical logic of belief with unawareness
is any worse off than the classical logic of belief was already.

7 Appendix A
The soundness part of Theorem 2.1 is straightforward by induction and left
to the reader. Proving completeness requires the construction of a canonical
CGA model.

11 Interestingly, the logic associated with Walker’s model is not classical, due to the use
of a non-standard way of defining satisfaction at a world in multiple stages.
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For any ϕ ∈ LXAI(Φ), say that ϕ is consistent (relative to the system Σ)
iff it’s not the case that `Σ ¬ϕ; a finite set Γ = {ϕ1, . . . , ϕn} is consistent iff
ϕ1∧· · ·∧ϕn is consistent; and an arbitrary set Γ = {ϕ1, ϕ2, . . . } is consistent
iff every finite subset of Γ is consistent. Finally, say that Γ is a maximal
consistent set (i.e., MaxΓ) just in case Γ is consistent and maximal, in the
sense that any strict superset of Γ is inconsistent.

On the ordinary way of constructing canonical models, the set of ‘worlds’
is just the set of all maximal consistent sets of formulas. For the present
proof, however, it will be easier to include two ‘worlds’ for every maximally
consistent set Γ, indexed by i = {1, 0}. For the sequel, then, let Ω0 = {Γi :
MaxΓ, i = 0}, and Ω1 = {Γi : MaxΓ, i = 1}. We will also make frequent
use of the following abbreviations. We use ‘|ϕ|’ to refer to the proof set of ϕ
in Ωc; i.e., the set of all Γi ∈ Ωc such that ϕ ∈ Γi. We use ‘B(X)’ to refer to
the closure of X under complements and binary intersections. And finally,
for all α and Γi,

Γi\Aα = {ϕ : Aαϕ ∈ Γi}

P ?α,Γi = {∆1 ∈ Ωc : Γi\Iα ⊆ ∆1}

‘Γi\Xα’ and ‘Γi\Iα’ are defined in a similar fashion.
We can now characterise the canonical CGA model, M c:

Definition 7.1. M c = (Ωc, {N c
α}α∈Ag, {Acα}α∈Ag, π

c), where:

(1) Ωc = Ω0 ∪ Ω1

(2) N c
α(Γi) =


∅, if Γi\Aα = ∅
{|ϕ| : Xαϕ ∈ Γi} ∪ {Ω1,Ω0}, if Γi\Aα 6= P ?

α,Γi
= ∅

{|ϕ| : Xαϕ ∈ Γi} ∪ {P ?
α,Γi
}, if P ?

α,Γi
6= ∅

(3) Acα(Γi) =

{
∅, if Γi\Aα = ∅
B({|ϕ| : Aαϕ ∈ Γi} ∪ 2Ω1

), if Γi\Aα 6= ∅

(4) πc(p) = |p|

We will also need a few basic lemmas. The first is a simple fact about
proof sets:

Lemma 7.1. For all ϕ,ψ ∈ LXAI(Φ),

1. |¬ϕ| = Ωc \ |ϕ|
2. |ϕ ∧ ψ| = |ϕ| ∩ |ψ|
3. |>| = Ωc

Proof. The proof is no different than for standard canonical models where
Ωc = {Γ : MaxΓ}, and therefore omitted.
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Lemma 7.2. B({|ϕ| : Aαϕ ∈ Γi}) = {|ϕ| : Aαϕ ∈ Γi}

Proof. All we are trying to show here is that {|ϕ| : Aαϕ ∈ Γi} by itself is
closed under complementation and binary intersections. This will be useful
for the next lemma.

That {|ϕ| : Aαϕ ∈ Γi} is closed under complementation: Suppose that
P ∈ {|ϕ| : Aαϕ ∈ Γi}. So, P = |ϕ|, for some formula ϕ such that Aαϕ ∈ Γi.
By SYM, it follows that Aα¬ϕ ∈ Γi. Hence, |¬ϕ| ∈ {|ϕ| : Aαϕ ∈ Γi}, and
by Lemma 7.1 (1), |¬ϕ| = Ωc \ |ϕ|. That {|ϕ| : Aαϕ ∈ Γi} is closed under
binary intersections follows a basically similar structure, using CON and
Lemma 7.1 (2).

Lemma 7.3. |ϕ| ∈ B({|ϕ| : Aϕ ∈ Γi} ∪ 2Ω1
) iff |ϕ| ∈ {|ϕ| : Aϕ ∈ Γi},

whenever Γi\Aα 6= ∅

Proof. The right-to-left direction is trivial. To establish the left-to-right
direction, we suppose throughout that Γi\Aα 6= ∅, and hence {|ϕ| : Aϕ ∈
Γi} 6= ∅. We first show that if a proposition P belongs to B({|ϕ| : Aαϕ ∈
Γi} ∪ 2Ω1

), then P satisfies at least one of the following three conditions:

c1

c2

c3

P ∈ {|ϕ| : Aαϕ ∈ Γi}
P ⊆ Ω1

P ∩ Ω0 = P ′ ∩ Ω0, for some P ′ ∈ {|ϕ| : Aαϕ ∈ Γi}

It’s trivial that if P ∈ {|ϕ| : Aαϕ ∈ Γi}∪2Ω1
, then P satisfies c1 or c2. So we

only need to show that closing {|ϕ| : Aαϕ ∈ Γi} ∪ 2Ω1
under complements

and binary intersections will not leave us with any P which don’t satisfy (at
least) one of c1, c2, or c3. We’ll proceed in two steps.

For the first step, note that:

(a) If P satisfies c1, then Ωc \ P satisfies c1

(b) If P satisfies c2 or c3, then Ωc \ P satisfies c3

(a) follows immediately from Lemma 7.2. For (b), note first that if P satisfies
c2, then P∩Ω0 = ∅, which belongs to {|ϕ| : Aαϕ ∈ Γi} and therefore satisfies
c3 trivially. Furthermore, supposing that P satisfies c3, P includes exactly
those states of Ω0 which belong to some |ϕ|. Therefore, (Ωc\P )∩Ω0 includes
just those states of Ω0 which aren’t included in P , which are exactly those
in |¬ϕ| ∩ Ω0.

Next:

(c) If P1 satisfies c2, then P1 ∩ P2 satisfies c2 (for any P2)

(d) If P1 and P2 both satisfy c1, then P1 ∩ P2 satisfies c1

(e) If P1 and c2 both satisfy c3, then P1 ∩ P2 satisfies c3

(f) If P1 satisfies c1, and P2 satisfies c3, then P1 ∩ P2 satisfies c3
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(c) is obvious, and (d) is an immediate consequence of Lemma 7.2. Similarly,
(e) and (f) follow more or less directly from Lemma 7.2, which entails that
if P , P ′ ∈ {|ϕ| : Aαϕ ∈ Γi}, then P ∩ P ′ ∩ Ω0 = P ′′ ∩ Ω0, for some
P ′′ ∈ {|ϕ| : Aαϕ ∈ Γi}.

Given facts (a) through (f) plus the fact that every P ∈ {|ϕ| : Aαϕ ∈
Γi} ∪ 2Ω1

satisfies either c1 or c2, we know that for any P ∈ B({|ϕ| : Aαϕ ∈
Γi} ∪ 2Ω1

), P satisfies c1, c2, or c3.
So now let P refer to the set of all proof sets. We now prove that if P ∈

B({|ϕ| : Aαϕ ∈ Γi} ∪ 2Ω1
) then P ∈ P only if P ∈ {|ϕ| : Aαϕ ∈ Γi}, which

gets us to the left-to-right direction of the present lemma. By definition, if
P satisfies c1, then it belongs to {|ϕ| : Aαϕ ∈ Γi}. Likewise, if P satisfies c2,
then P ∈ P only if P = ∅, in which case it also belongs to {|ϕ| : Aαϕ ∈ Γi}.
And finally, if P satisfies c3, then P ∈ P only if P ∈ {|ϕ| : Aαϕ ∈ Γi}.
For c3 implies that P , whatever it is, contains exactly those states of Ω0

which are also contained in some P ′ ∈ {|ϕ| : Aαϕ ∈ Γi}. Suppose then that
P ∈ P . Then, Γ1 ∈ P iff Γ0 ∈ P , from which it follows that P = P ′ for
some P ′ ∈ {|ϕ| : Aαϕ ∈ Γi}.

With that out of the way, we first want to show that the canonical model
so-characterised actually belongs to the class of CGA models, M:

Lemma 7.4. M c ∈M

Proof. That Acα satisfies (sym) and (con) is true by construction.
That Acα and N c

α satisfy (pla): For the case when Acα = ∅, N c
α = ∅ by

definition. For the cases where Acα is non-empty, note that when P ?
α,Γi

= ∅,
then Ω1 and Ω0 are in both N c

α(Γi) and Acα(Γi); and when P ?
α,Γi

6= ∅,
P ?
α,Γi
∈ N c

α(Γi) and (trivially) P ?
α,Γi
∈ Acα(Γi). So, it suffices to show that

{|ϕ| : Xαϕ ∈ Γi} ⊆ {|ϕ| : Aαϕ ∈ Γi}

This follows from XI and IA. For suppose that Bϕ ∈ Γi. Then

`Σ Xαϕ→ (Iαϕ→ Aαϕ)

So Aαϕ is derivable from Xαϕ in Σ, hence Aαϕ ∈ Γi. Hence, |ϕ| ∈ {|ϕ| :
Xαϕ ∈ Γi} only if |ϕ| ∈ {|ϕ| : Aαϕ ∈ Γi}.

Finally, that Acα and N c
α satisfy (nax): Suppose that Ωc ∈ Acα(Γi). By

Lemma 7.1 (3) and Lemma 7.3, this means |>| ∈ {|ϕ| : Aαϕ ∈ Γi}. So
Aα> ∈ Γi. Applying NAX , |>| will therefore be in {|ϕ| : Xαϕ ∈ Γi}. And
since Γi\Aα 6= ∅, |>| ∈ {|ϕ| : Xαϕ ∈ Γi} only if |>| = Ωc ∈ N c

α(Γi).

The next step is to establish a truth lemma:

Lemma 7.5. M c,Γi |= ϕ iff ϕ ∈ Γi
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Proof. The proof proceeds by induction on the complexity of the formula
ϕ. For the cases where ϕ = p, ϕ = ¬ψ, and ϕ = ψ ∧ γ, the argument is
standard. Hence we will only focus on the following three cases:

(a) ϕ = Xαψ

(b) ϕ = Aαψ

(c) ϕ = Iαψ

For case (a): Under the inductive hypothesis, ‖ψ‖Mc
= |ψ|, so ‖ψ‖Mc ∈

N c
α(Γi) iff |ψ| ∈ N c

α(Γi). Suppose that M c,Γi |= Xαψ. By Definition 2.2, it
follows that ‖ψ‖Mc

= |ψ| ∈ N c
α(Γi). As before, let P refer to the set of all

proof sets. Ω0 /∈ P and P ?
α,Γi
∈ P only if P ?

α,Γi
= ∅ (since ∅ ⊆ P ?

α,Γi
⊆ Ω1).

So by Definition 7.1, if |ψ| ∈ N c
α(Γi), then |ψ| ∈ {|ϕ| : Xαϕ ∈ Γi}, and so

Xαψ ∈ Γi. In the other direction, if Xαψ ∈ Γi, then |ψ| = ‖ψ‖Mc ∈ N c
α(Γi),

so M c,Γi |= Xαψ.
For case (b): Given Lemma 7.3, the argument that M c,Γi |= Aαψ iff

Aαψ ∈ Γi is exactly parallel to case (a).
For case (c): Note first that P ?

α,Γi
⊆ |ϕ| for any |ϕ| ∈ {|ϕ| : Xαϕ ∈ Γi}.

(Recall that P ?
α,Γi

= {∆1 : Γi\Iα ⊆ ∆1}, and by XI, Γi\Xα ⊆ Γi\Iα.) Given
this and Definition 7.1, it follows that:⋂

P∈N cα(Γi)

P = P ?α,Γi

Given this and Definition 2.2, M c,Γi |= Iαψ iff Γi ∈ ‖Aαψ‖M
c

and P ?
α,Γi
⊆

‖ψ‖Mc
. So suppose that Iαψ ∈ Γi. Given IA, we know then that Aαψ ∈ Γi;

so Γi ∈ |Aαψ|, and by the inductive hypothesis, Γi ∈ ‖Aαψ‖M
c
. Further-

more, we know that ψ ∈ ∆1 for every ∆1 ∈ P ?
α,Γi

, so P ?
α,Γi
⊆ |ψ| = ‖ψ‖Mc

,

and P ?
α,Γi
⊆ ‖ψ‖Mc

. Hence, if Iαψ ∈ Γi, then M c,Γi |= Iαψ.

For the other direction, suppose that M c,Γi |= Iαψ. By the points
just established, it follows that P ?

α,Γi
⊆ ‖ψ‖Mc

, and given the inductive

hypothesis, P ?
α,Γi

⊆ |ψ|. From this it follows that the set Γi\Iα ∪ ¬ψ is

inconsistent. For, suppose that Γi\Iα∪¬ψ ⊆ Λ, for some maximal consistent
set Λ. It would follow that M c,Λ1 |= ¬ψ, so by Lemma 7.1, Λ1 /∈ |ψ|.
However this cannot be, since Λ1 ∈ P+

α,Γi
⊆ |ψ|.

Since Γi\Iα ∪ ¬ψ is inconsistent, some finite set {ϕ1, . . . , ϕn,¬ψ} ⊆
Γi\Iα ∪ ¬ψ is inconsistent. Thus:

`Σ ϕ1 → (. . . (ϕn → ψ) . . . )

Given NAX and XI, we have Iα(ϕ1 → (. . . (ϕn → ψ) . . . )) ∈ Γi whenever
Aα(ϕ1 → (. . . (ϕn → ψ) . . . )) ∈ Γi.

Next, note that since ϕ1, . . . , ϕn ∈ Γi\Iα, we also get that Iαϕ1, . . . , Iαϕn
are in Γi. Under IA, it follows that Aαϕ1, . . . , Aαϕn are also in Γi. Fur-
thermore, note that by Definition 2.2, Γi ∈ ‖Aαψ‖M

c
, which given the
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earlier points means that Aαψ ∈ Γi. Finally, for any pair of formulas ϕ
and γ, if Aαϕ ∈ Γi and Aαγ ∈ Γi, then by applications of SYM and CON,
Aα¬(ϕ ∧ ¬γ) ∈ Γi. Since we can also show that awareness is closed under
logical equivalence, so Aα(ϕ→ γ) ∈ Γi.

Putting the points of the previous paragraph together, in Γi we have:

Aαψ,
Aα(ϕn → ψ),
Aα(ϕn−1 → (ϕn → ψ))
...
Aα(ϕ1 → (. . . (ϕn → ψ) . . . ))

Now, by finitely many applications of KAI , we can derive that Iαψ ∈ Γi.
Hence, if M c,Γi |= Iαψ, then Iαψ ∈ Γi.

We can then apply a standard argument to get from Definition 7.1,
Lemma 7.4 and Lemma 7.5 to establish Theorem 2.1. See (Chellas, 1980,
pp. 59ff) for details.

8 Appendix B
For Theorem 5.1, I will just sketch a proof that Σ ∪ {AXR} is complete for
the class of CGA models which satisfy (axr); the full proof proceeds along
basically the same lines for the (aar) and (air). We keep the characterisation
of the canonical models M c as given in Definition 7.1, with the obvious
modification that Ωc is now composed of maximal consistent sets relative
to Σ ∪ {AXR}. The proof is then the same as for Theorem 2.1, with the
following addition to Lemma 7.4:

That M c satisfies (axr): Let Q = {∆i : P ∈ N c
β(∆i)}. We need to

show that if Q ∈ Acα(Γi), then P ∈ Acα(Γi). Assume that Q ∈ Acα(Γi).
Now, either P /∈ P , or P ∈ P . If the former, then by Definition 7.1, either
P ⊆ Ω1 or P = Ω0; in either case, P ∈ Acα(Γi), so (axr) is straightforwardly
satisfied whenever P /∈ P .

Suppose then that P ∈ P . Since Definition 7.1 implies in general that
N c
β(∆1) = N c

β(∆0), so ∆1 ∈ Q iff ∆0 ∈ Q. By points already established

(Lemma 7.3), then, Q ∈ Acα(Γi) only if Q ∈ {|ϕ| : Aαϕ ∈ Γi}; so Q = |ϕ|
for some ϕ such that Aαϕ ∈ Γi. Furthermore, since by hypothesis P /∈
(2Ω1 \ {∅}) ∪ {Ω0}, P will be in N c

β(∆i) if and only if P = |ψ| for some

ψ such that Xβψ ∈ ∆i. So Q = |Xβψ|, for some ψ. Putting these two
facts together, we know that AαXβψ ∈ Γi; and by AXR, Aαψ ∈ Γi; so
|ψ| ∈ {|ϕ| : Aαϕ ∈ Γi}, which is of course a subset of Acα(Γi).
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